The temperature-dependent phase coexistence between crystalline phases in heteroepitaxial films of MnAs on GaAs is studied. The epitaxial constraints on the film expansion are analyzed. The x-ray-diffraction data are fitted to a model of periodic elastic domains. The temperature dependencies of phase fractions, the domain sizes, and the misfits are simultaneously obtained. The domain sizes correspond to the minimum of elastic energy, which proves the equilibrium state of the heteroepitaxial system at each temperature.
I. INTRODUCTION
Recently we found 1 that a first-order structural phase transition in MnAs heteroepitaxial films on GaAs proceeds in a way qualitatively different from the same transition in bulk MnAs crystals. Instead of an abrupt transition with a temperature hysteresis inherent to the first-order transition in bulk crystals, we have observed a phase coexistence in a temperature interval of more than 20°C, with the fraction of the low-temperature phase linearly increasing on cooling and linearly decreasing on heating. We explained this phase coexistence by the restriction on lateral expansion of the film imposed by the substrate. The coexistence is a result of the balance between the free energy released at the phase transformation and the emerging elastic energy. In the present work, we perform a detailed x-ray-diffraction study of the temperature-dependent phase coexistence. We develop a model of periodic elastic domains in the layer, and find temperature dependencies of the phase fraction, misfit, and domain size by fitting the x-ray data to the model. We demonstrate, by comparing the observed domain structure with the energy-minimizing one, that the film is close to the equilibrium.
The formation of equilibrium polydomain structures as a way to reduce elastic energy at structural phase transformations in epitaxial films was first proposed theoretically by Roytburd. 2 The energetics of polydomain phases and equilibrium structures were considered further by Bruinsma and Zangwill, 3 Kwak and co-workers, 4, 5 Speck and co-workers, [6] [7] [8] [9] Sridhar and co-workers, 10 , 11 Roytburd and co-workers, [12] [13] [14] [15] and Bratkovsky and Levanyuk. 16, 17 Most of the cited papers concentrate on the phase transformation consisting in a tetragonal distortion of a cubic crystal ͑inter-changeably referred to as martensitic, ferroelectric, or ferroelastic phase transformation͒. At this transition, the elastic energy is minimized by a coexistence of domains ͑twins͒ with three orthogonal directions of the tetragonal distortion. The orientations of domain boundaries are determined by crystallographic orientations of neutral planes which allow one to fit phases without strain at the boundary. 2 A possible coexistence between the parent and a derivative phase was considered theoretically by Roytburd and co-workers [12] [13] [14] [15] assuming that the period of the domain structure is smaller than the thickness of the film. This assumption is not applicable for the experimental system studied in the present work. We therefore develop a theory which is not limited in the domain widths.
MnAs on GaAs is a promising heteroepitaxial system which integrates magnetic and semiconductor properties. One of the aims in combining such materials is to inject spin-polarized electrons into a semiconductor. 18 The structure of bulk MnAs crystals, [19] [20] [21] [22] the epitaxial relationships of MnAs on GaAs, [23] [24] [25] [26] [27] and the structure of the interface 28, 29 are known. Figure 1 sketches the epitaxy of MnAs on a GaAs͑001͒ surface. The hexagonal prism of the MnAs unit cell is attached to the GaAs͑001͒ surface by a side facet. Epitaxial growth proceeds despite a large mismatch along the c axis of the prism which amounts to 33%. Transmission electron microscopy studies 28, 29 showed that every sixth GaAs͕220͖ plane fits into every fourth MnAs͕0002͖ plane, which reduces the actual mismatch to 5%. This mismatch, as well as the mismatch along the perpendicular direction ͑7.7%͒, are released by regular arrays of misfit dislocations. The MnAs films are grown 28, 29 with a unique epitaxial orientation with respect to the polar GaAs͑001͒ surface, namely, (1 100) MnAs ʈ ͑001͒ GaAs and ͓0001͔ MnAs ʈ͓11 0͔ GaAs, which was checked in the present study by in situ reflection high-energy electron diffraction. It is essential for the considerations below that the orientation of the film with respect to the substrate is unique. There are no rotationally equivalent domains ͑twins͒, albeit translational domains can be present.
The crystal structure of the bulk MnAs phases and the phase diagram of MnAs were reviewed in Refs. 30 Fig. 1 by the dashed line: the hexagon anisotropically shrinks in both directions, while the height of the prism does not change. The orthorhombic distortion of the ␤MnAs unit cell is small 20 (Ͻ0.2%). The transition is accompanied by a large (Ϸ1.2%) lattice parameter discontinuity in the hexagonal plane and a large (Ϸ15°C) temperature hysteresis. The discontinuous ferromagnetic transition ͑while magnetic phase transitions are commonly continuous at Curie temperature͒ is explained by strong magnetostriction effects. 33 A further phase transition in bulk MnAs takes place at 125°C. This transition is continuous and results in a paramagnetic ␥MnAs phase, which is again hexagonal. The successive phase transformations in MnAs can be explained with the Landau theory involving two coupled order parameters responsible for the orthorhombic distortion and magnetization. 34 The magnetostriction suppresses distortion at the ferromagnetic transition.
II. THEORY

A. Phase transition under mean-strain constraint
An epitaxial film experiencing a structural phase transformation cannot freely change its size and shape, as is possible for a bulk single crystal, but is the subject of several constraints. One of them is an integral constraint imposed on the whole film: the film cannot change its lateral size and hence the mean lateral lattice spacing in the film is constant. This requirement gives rise to elastic strain in the film and results in the phase coexistence at the first-order phase transformation, 1 but does not restrict the domain sizes of the coexisting phases. This is considered in the present subsection.
Further constraints are local and follow from the lattice continuity at the interfaces between the film and the substrate and between the domains. The latter requirement determines the orientation of the boundaries between domains of tetragonal phase at the martensitic ͑ferroelectric͒ transition as planes of zero misfit. 2 The present paper deals with the uniform dilatation in the hexagonal plane of the film, and strain at the domain boundaries is unavoidable. The calculation of the displacement field, the minimization of the elastic energy, and the calculation of the x-ray-diffraction pattern are presented in the subsequent subsections.
We adopt the notation to the ␣MnAs-␤MnAs transition, which is studied experimentally in the present paper, and refer to the high-temperature phase as the ␤ phase and the low-temperature phase as ␣ phase. We take the substrate unit cell as a reference. First consider the film in a single-phase state ͑either the ␣ or ␤ phase͒ detached from the substrate, so that the film is free to expand. Then the relative differences between lattice spacings of the substrate and those of the corresponding phase in a free MnAs single crystal can be described by the tensors ␣ and ␤ , commonly called internal strain tensors. The difference ϭ ␣ Ϫ ␤ consists of the phase transformation strain and the difference between thermal expansions of the two phases.
The latter contribution cannot be neglected for the ␣MnAs-␤MnAs transition, since the ␣MnAs phase experiences thermal contraction, while ␤MnAs thermally expands. The values of the corresponding thermal coefficients [19] [20] [21] [22] are of the order of 10 Ϫ4 K Ϫ1 , i.e., very large compared to the thermal expansion coefficient of the GaAs substrate which is 35 6ϫ10 Ϫ6 K Ϫ1 . The shear components of the misfit are absent in the problem under consideration, and hence all offdiagonal components of ␣ and ␤ are zero. We take into account that the lattice parameters at the ␣MnAs-␤MnAs transition are discontinuous only in the hexagonal plane, so that zz ϭ0. Orientation of the axes is shown in Fig. 1 : the y axis is normal to the film, and x and z axes are in the film plane. We neglect the small orthorhombic distortion of the ␤MnAs phase compared to the change of the lattice parameter at the transition and take ␣xx Ϫ ␤xx ϭ ␣yy Ϫ ␤yy ϵ.
These simplifications allow us to present the results in a compact form.
The free film can be coherently attached to the substrate if an external stress is applied to the film, to make the film and substrate lattices match along the interface. After the film is attached and the external stress is removed, the film becomes elastically strained. The coexistence of the ␣ and ␤ phases is a way to minimize the elastic energy under the constraint of the constant lateral size of the film imposed by epitaxy. Let ê ␣ and ê ␤ be the elastic strain tensors in the corresponding phases. Then the relative change of the lattice spacing of the film in the corresponding phase with respect to the substrate is given by the sum of the internal and the elastic strain a ϭ a ϩê a (aϭ␣ or ␤), which is called the total strain.
Let be the fraction of the ␣ phase in the film. The lateral size of the epitaxial film is restricted by the substrate, and hence the lateral components of the mean total strain in the film are equal to zero:
In this subsection, we do not take into consideration the interfaces between the substrate and the film and between the domains of the film. Then the free-energy density of the film consists of the free-energy densities of the phases in the unstrained state, f ␣ and f ␤ , and the elastic energy densities E ␣ and E ␤ :
The elastic energy densities of the phases can be expressed through the elastic strains ê ␣ and ê ␤ . The absence of the stress normal to the film yy ϭ0 relates the strain components: e ayy ϭϪ͓/(1Ϫ)͔(e axx ϩe azz ), where aϭ␣ or ␤ and is the Poisson ratio. The film is assumed to be elastically isotropic. Then the elastic energy density of each phase is
where Y ϭY 0 /2(1Ϫ 2 ), and Y 0 is the Young modulus.
We substitute the elastic strains ê a ϭ a Ϫ a (aϭ␣,␤) into Eqs. ͑3͒ and, using Eqs. ͑1͒, find the minimum of the free energy density ͓Eq. ͑2͔͒ with respect to the total strains at a given fraction of the ␣ phase. The result is
where
͑5͒
The bulk phase transition temperature T c is determined by the condition f ␣ ϭ f ␤ . The difference between the freeenergy densities in the two phases f ␣ Ϫ f ␤ is a linear function of the temperature close to the transition,
where Q is the latent heat. The last term of Eq. ͑5͒ shifts the transition temperature in the film with respect to the bulk transition temperature. We denote the transition temperature in the film by T c * .
The minimum of the free energy density ͓Eq. ͑4͔͒ is achieved by the phase coexistence with a fraction of the ␣ phase:
The temperature range of the phase coexistence is limited by the condition 0ϽϽ1. Therefore, the low-temperature ␣ phase appears at the temperature T c * and its fraction almost linearly increases when the temperature is decreased below T c * . Some nonlinearity is introduced by the temperature dependence of which arises from the thermal expansion of the phases. 11 dyn/cm 2 , the internal strain ϭ0.01, and the transition temperature T c *ϭ320 K as ⌬TϷ20 K, which is in a good agreement with the experimental results presented below.
The mean-strain constraint ͓Eq. ͑1͔͒ gives rise to the finite temperature interval of the phase coexistence, but does not restrict the domain sizes of the coexisting phases. We now turn to this more elaborate problem, which requires a complete treatment of the compatibility between the domains and between the film and the substrate.
B. Elastic domains
We consider an epitaxial film with a periodic array of elastic domains of two alternating phases, Fig. 2 . The thickness t of the film is taken as the length unit. The period of the domain structure is 2 ͑in units of t) and the domain boundaries are normal to the film. The elastic problem for this domain geometry with arbitrary internal strain tensors was solved by Sridhar, Rickman, and Srolovitz. 10, 11 In brief, the solution consists of a Fourier expansion of the periodic internal strain and solution of the elastic equilibrium problem for each Fourier component. The elastic equilibrium equation ‫ץ‬ i j /‫ץ‬x j ϭ0 is solved in the film where the stress is caused by the elastic strain Ϫ and in the substrate where the internal strain is zero. The boundary conditions are given at the free surface ͑tractions are absent͒, at the filmsubstrate interface ͑displacements and tractions are continuous͒, and in the substrate far away from the interface ͑stress vanishes͒. We repeat the calculations since we need the displacement field in the film u y (x,y) while only the elastic energy is given in the cited papers. We calculate the elastic energy for the diagonal components of the internal strain tensors and found only one minor error in the final formulas of Ref. 
Ϫn/ Ϫ1 ͒. ͑8͒ Figure 3 shows the normal displacements u y (x,y) which are calculated by Eqs. ͑7͒ and ͑8͒ for different periods of the domain structure 2. When the domains are narrow ( Ͻ1), the coherence at the interfaces between the domains results in a common lattice spacing for the two phases in the film's interior. In contrast, when the domains are wide ( ӷ1), the spacings differ from each other and are close to the free spacings in the corresponding phases. We show in Sec. II C that this dependence of the spacing on the domain period makes the x-ray-diffraction pattern sensitive to the domain widths.
The expression for the elastic energy 10,11 is significantly simplified for the case under consideration ( xx ϭ yy ϵ, zz ϭ0). We find that the free energy density ͓Eq. ͑4͔͒ is supplemented with an additional term which depends on the period of the domain structure:
The energy E d (,) for a fixed phase fraction has a minimum at some finite value of the period 2 min (). This period is shown in Fig. 4͑a͒ as function of the phase fraction. It diverges at ϭ0 and 1 and reaches the minimum of 5.65 at ϭ1/2. The width of the smaller domain, equal to 2 min for Ͻ1/2 and 2(1Ϫ) min for Ͼ1/2, remains finite and varies from 1.4 at ϭ0 and 1 to 2.8 for ϭ1/2. The energy-minimizing domain period 2 min is a result of a competition between the coherence requirements at the film-substrate interface and at the interfaces between the domains in the film. The coherence at the film-substrate interface favors narrow domains, since they localize strains near the interface in a layer with a thickness comparable to the domain width.
12-15 On the other hand, for narrow domains the coherence at the interfaces between domains requires equal spacings in the direction normal to the film, while for wide domains the elastic strains in that direction ͑i.e., e yy ) relax independently in the two phases. The optimum is realized with domain widths comparable with the film thickness. Figure 4͑b͒ shows the elastic energy density for the energy-minimizing period, E d ( min ,). The broken line is an approximation of this energy by a parabola
Adding this energy to Eq. ͑4͒, we find that the domain energy increases the temperature range of phase coexistence by a factor (1Ϫ0.28) Ϫ1 Ϸ1.4 and also causes an additional shift of the transition temperature with respect to the bulk transition.
C. X-ray scattering from elastic domains
The x-ray diffraction from the film can be calculated by using the kinematic scattering formula 
͑11͒
where q x and q y are the deviations of the scattering vector from the reciprocal-lattice vector Q and the integration is performed over the film thickness and one period of its lateral structure. We consider only the symmetric Bragg reflections ͑vector Q is parallel to the y axis͒, and the vertical displacement u y (x,y) given by Eqs. ͑7͒ and ͑8͒ is sufficient for the calculations. The sharp surfaces of the film give rise to thickness intensity oscillations while the domain periodicity leads to satellite peaks. These features are not seen in the experiments presented below because of film thickness variations, misorientation of different parts of the film ͑mosaic-ity͒, nonideal periodicity of the domains, and the finite angular resolution of the experiment. Therefore, we do not attempt to calculate the satellite peaks and average the thickness intensity oscillations by taking into account the film mosaicity and the angular resolution of the detector.
Let be the angular deviation of the diffracted beam from the reference geometry and the deviation of the film normal from the reference orientation. The corresponding deviation of the wave vectors are ␦q x ϭk(ϩ sin ) and ␦q y ϭk cos , where k is the wave vector and is the Bragg angle. We consider the Ϫ2 scan in the experiment and take q x ϭ0 in the reference geometry. Then the average of the intensity ͑11͒ with the detector resolution function R d () and the film mosaicity distribution R m () is Figure 5 presents the x-ray-diffraction peaks calculated by using Eqs. ͑7͒, ͑8͒, ͑11͒, and ͑12͒ for the same domains as shown in Fig. 3 . The diffraction pattern qualitatively changes as is changed. Only one diffraction peak is seen for Ͻ1, since the coherence between the domains whose width is essentially smaller than the film thickness results in a common lattice spacing for both phases. The separation between the peaks gradually increases for у1 and reaches ͑for ӷ1) a limiting value given by the mean-strain constraint. We conclude that the diffraction pattern is sensitive to the domain period.
͑12͒
III. EXPERIMENT
The MnAs layers were grown 28 by solid source molecular-beam epitaxy on 100-nm-thick GaAs buffer layers at 250°C with a growth rate of 19 nm h Ϫ1 . The GaAs substrate wafers were soldered with indium onto the Mo substrate holder. The x-ray measurements on samples 1, 2, and 3 ͑the thicknesses of the MnAs film were 60, 120, and 180 nm, respectively͒ were performed on the as-grown samples. For samples 4 and 5 ͑the thicknesses of the MnAs films were 100 and 180 nm͒, the soldering In layer was removed by thinning the sample from the back side to thicknesses of 330 and 267 m, respectively.
The x-ray-diffractometric measurements were performed in a high-resolution x-ray diffractometer with temperature controlled sample stages described below using a symmetrically cut four-reflection Du Mond-Bartels type Ge 220 monochromator placed at a distance of 30 cm from the sample and CuK ␣1 radiation. The angular acceptance of the detector was 0.1°.
The working temperature at the diffractometer was 30°C. The measurements above that temperature were performed by using a resistive heating. It was sufficient for the whole set of measurements on samples 1 and 2. Sample 3 was also studied under cooling with a separate circulating-fluid device. Samples 4 and 5 were studied with the aid of a combined device with resistive heating and cooling by liquid nitrogen. The estimated systematic uncertainty in temperature determination was at most 2°C. The curvatures of samples 4 and 5, caused by the misfit between the MnAs film and the GaAs substrate, were measured in a double crystal topographic camera equipped with a plane Si 440 collimator crystal 38 by observing the displacement of the diffraction spot ͑GaAs 135 or 115͒ over the sample surface with the change of the incidence angle. Figure 6 presents the Ϫ2 diffractometric curve recorded on sample 5 at 30°C. Besides the strong substrate peak ͑GaAs 002͒ two closely spaced peaks of the MnAs film are visible. These peaks are the 1 100 peak of ␣MnAs and 020 peak of ␤MnAs. We use the hexagonal notation of the reflections for ␣MnAs and the orthorhombic notation for ␤MnAs. If the small orthorhombic distortion is neglected, the 020 peak of ␤MnAs can also be referred to as the 1 100 peak. The latter notation is used in Fig. 5 , where the peaks of two phases are calculated.
IV. RESULTS
A weak peak on the right from the substrate peak is the MnAs 1 101 peak originating from a small fraction of the film grown in 1 101 direction. 25, 27 From the relative intensities of the peaks and the ratio of their structure factors (͉ f 1 101 / f 1 100 ͉ 2 Ϸ10.3) we conclude that the fraction of the 1 101-grown film is about 0.3% and can be ignored in the analysis below. The MnAs peaks are shown in Fig. 7 in more detail and on a linear scale. A sequence of the Ϫ2 diffractometric curves of sample 5 under stepwise cooling from 55 to 7°C, and subsequent heating is shown. The temperature was kept constant while recording each curve. The sample rotation angle was measured with respect to the position of the GaAs 002 substrate peak; cf. Fig. 6 . Only one peak of the ␤MnAs phase is seen at high temperatures, and only the peak of the ␣MnAs phase is present at low temperatures. At intermediate temperatures both peaks are observed, which points to a phase coexistence in a temperature range of more than 20°C.
1 The fraction of the ␣MnAs phase continuously decreases upon cooling and continuously increases upon heating. The diffractometric curves are reproduced on thermal cycling without any change, which points to the equilibrium nature of the observed phase coexistence.
The lines in Fig. 7 are the best fits of the curves to the intensity calculated by Eqs. ͑7͒, ͑8͒, ͑11͒, and ͑12͒. The parameters of fit are the phase fraction , the domain period 2, the misfit between the phases of the film ϭ ␣xx Ϫ ␤xx , the difference of lattice spacings ͑normal to the film͒ between the ␣MnAs phase of the film and the substrate ⑀ y ϭ( ␣xx ϩ ␣zz )/(1Ϫ), the peak intensity which is a scaling factor, and the intensity background. All these parameters depend on the temperature. Fortunately, different fit parameters are sensitive to different features of the diffraction curve, which allows one to obtain them from one fit. The relative integral intensities of the two peaks are given by the phase fraction . The distance between the peaks depends on the misfit between phases of the film and the domain period 2. The depth of the minimum between the peaks is sensitive to . The misfit to the substrate ⑀ y is given by the peak positions with respect to the substrate peak. dient of is in a good agreement with the difference between thermal contraction of the ␣MnAs phase and thermal expansion of the ␤MnAs phase. 19, 21, 22 Further fits were performed taking this linear dependence of and excluding from the list of fit parameters. These did not change the results essentially but somewhat reduced scattering of the points. Figure 9 presents the temperature dependencies of the fraction of the ␣MnAs phase. This parameter is rather insensitive to the fit model. It can be found simply from the ratio of the integrated intensities of the peaks. 1 The fraction of the ␣MnAs phase increases on cooling almost linearly in all samples in the temperature intervals of 15 to 25°C. The phase coexistence is explained by the theory presented above. The phase coexistence is accompanied by a temperature hysteresis in all samples with the exception of sample 1. The maximum hysteresis of 7°C is found in sample 3. It is worth to note that the hysteresis in Fig. 9 cannot be explained in the same way as usual temperature hysteresis at a first order phase transition caused by the absence of nucleation sites of the new phase. 33 In the system under consideration, both phases are present at any temperature in the phase coexistence range in comparable, albeit different, amounts. The change of the phase fraction proceeds without nucleation by a barrierless motion of the domain walls. Figure 10 presents the domain period 2 obtained from the fit of the diffraction peaks. The period plotted versus the phase fraction does not show a hysteresis which would be present on a (T) plot. The data from all samples fall on a common curve and well agree with the domain period found from the elastic energy minimum in Sec. II B. The agreement between the domain periods found from the x-ray-diffraction data and by elastic energy minimization proves the equilibrium nature of the phase coexistence. Figure 11 shows the temperature dependence of the difference of lattice spacings between the ␣MnAs phase of the film and the substrate in the direction of the normal to the film, ⑀ y ϭ( ␣xx ϩ ␣zz )/(1Ϫ). The data from all five samples fall on a common curve. The temperature gradient of ⑀ y is much smaller than that of the misfit between the phases shown in Fig. 8 ͑note that the abscissas in Figs. 8 and 11 give the same intervals of values͒. Such a temperature dependence results from the compensation of the thermal expansion along the c axis ( ␣zz Ј Ͼ0, where the prime denotes the temperature derivative͒ by the thermal contraction in the hexagonal plane ( ␣xx Ј Ͻ0) and indicates that ␣xx Ј Ϸ Ϫ ␣zz Ј . This conclusion is in an agreement with measurements of the temperature dependencies of the MnAs lattice parameters in bulk crystals, 21, 22 which give the ratio ␣xx Ј / ␣zz Ј in the range Ϫ1/3 to Ϫ1/2.
The lateral misfit between the film and the substrate can be calculated from the sample curvature measurements. Table I presents 
⑀, ͑13͒
where t f and t s are the film and substrate thicknesses (t f Ӷt s ). We have t f ϭ100 nm and t s ϭ330 m for sample 4, and t f ϭ180 nm and t s ϭ267 m for sample 5. The values of the misfit in the hexagonal plane and in the c direction ͑i.e., in the two perpendicular directions parallel to the surface͒ are to be compared with the variations of the corresponding lattice parameters of MnAs in the temperature interval from 250°C ͑the growth temperature͒ to room temperature, which are 0.6% and 1.5%, respectively. 19 We conclude that, at the growth temperature, the misfit is mostly relieved by networks of misfit dislocations. The thermal contraction of the GaAs substrate can be neglected, and the change of the lattice parameters of the MnAs film on cooling from the growth temperature is the dominant source of strain and sample bending at room temperature.
V. CONCLUSIONS
We studied the first-order structural phase transformation in heteroepitaxial films of MnAs on GaAs. The substrate does not allow the lateral expansion of the film, which results in the phase coexistence governed by a balance between the free energy released at the phase transformation and the emerging elastic energy. The local constraints on the coherence between the film and the substrate and between the two phases of the film define the domain sizes of the coexisting phases. We fitted the x-ray-diffraction data to the model of periodic elastic domains and simultaneously obtained the phase fractions, the domain sizes, and the misfits. We found that the fraction of the low-temperature ␣MnAs phase linearly increases on cooling and linearly decreases on heating. The phase coexistence occurs in a temperature interval of 15-25°C and is accompanied by a temperature hysteresis of 0 -7°C which probably points to imperfections of the samples. We found that the domain sizes correspond to the minimum of elastic energy, which proves that the heteroepitaxial system is at equilibrium at each temperature.
Note added in proof. 
